Technical Appendix for ‘Simple Estimators for Treatment
Parameters in a Latent Variable Framework’

J. Heckman, J.L. Tobias and E. Vytlacil!
Let Ai(t) := %, Ao(t) = i((:?) = 1?5152&’ at = poy, o® = —poog, W = (D,Y, X, Z),
Bj = (ﬁjaaj>7 and B = (ﬁoaﬁlaaoa al)'

We use a standard estimation process where the first step uses maximum likelihood to
estimate 6 from the appropriate binary choice model. The second step uses this estimate
and does OLS regression of Y on X and the correction term. The treatment parameters are
then estimated by plugging in estimated parameters from the two-step procedure into the
expressions provided above.

We now derive the asymptotic distribution theory for the resulting estimators of the
treatment parameters. We follow Newey and McFadden (1994) in viewing a multi-step
estimator as a GMM estimator for the stacked moment conditions with the identity matrix
as the weighting matrix. For the treatment parameters that condition on covariates, the
asymptotic distribution of the plug-in estimators for these parameters is derived by first
deriving the asymptotic distribution theory for the two-step estimator and then using that
each plug-in estimator for a treatment parameters is simply a linear or smooth nonlinear
function of the parameters estimated by the two-step procedure. In the case of treatment
parameters that average over covariates, we consider the resulting estimator as a three-step
estimator where the averaging over covariates is the third-step. We derive results for the case
of joint normality. Our results can be easily modified to provide the asymptotic distribution
theory corresponding to the estimators of the other models discussed in the text.

We first derive the asymptotic distribution theory for the two-step selection-corrected
estimator. In order to derive the distribution theory for our parameters, we need not only
the asymptotic distribution theory for the estimator of the second stage parameters, but also
the covariance between the estimator for the 6 coefficient and the estimator for the second
stage parameters. We thus first derive the asymptotic distribution theory for the two-stage
estimator. We then use these results in section 3 to derive the asymptotic distribution
theory for the plug-in estimators of treatment parameters that condition on covariates, and in
section 4 to derive the asymptotic distribution theory for the plug-in estimators of treatment
parameters that do not condition on covariates.

We can view the two-step estimator as a GMM estimator with the identity matrix as the
weighting matrix. Under standard regularity conditions, following the arguments in Newey
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and McFadden (Theorem 6.1), we have
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where V = G1QGV.

1 Computing V:

To compute V', we need to compute G and 2. For this purpose we define

wW.0.5) = D]\ B |- X5 - abn(z0)
wW.0.5) = (=D) |\ T |1 = X5~ aPh(20)
L ¢( ) D — (I)(ZIH) _ ! /
m(W,0) = qu( N1-0(20) Z[DM\(Z'0) — (1 — D)X\o(Z'0)]
<W7 7/6)
Now we let g(W) := [ ¢o(W,0,5) |. Then define G := E [ 8(2,9(;/)9,)] Alternatively, we
m(W, 0) o
Gig, 0 Gug E <§—%1> 0 B (%)
could write G = 0 Go, X Goﬂ = 0 E(20) g (20) |, where
0 OB Vi ) <gﬁo> EE%))
G .- [ E(®(Z0)XX'") E(¢(Z2'0)X) } G { E(®(-20)XX") E(¢(Z2'0)X) }
b E((2'0)X") E(¢(Z’9)/\1(Z 0)) | %% E(p(Z'0)X")  E(6(2'0)M(20))
o —a'E(DXZ'N,(2'0) B(=a'XZ'N,(Z'0)8(2'9)) | ,
L= | B(DZ'N(Z'0)[y — X' — 2a1)\1 Z’ } { E(=Z'N(Z'0)a!¢(2'0) }
(D|X

(—
E(—a'DXZ'N(Z'0)) = Ex z|—a' X Z N (Z'0) )] = E(— 1XZ)\’ (Z'0)D(2'0))
E(DZ'N\(Z'0)[Y — X' — 2a1)\1(Z’9)]) (Z’/\’( (DU — 20 M\ (Z'0)D))
= Exz[Z'N(Z'0)(E(DUY X, Z) — 2a* )\ (Z'0)E(D|X, Z))| = E(=Z'X\(Z'0)a' ¢(Z'9)).
Similar calculations yield:
oo —E((1—D)a"XZ'\,(Z'0)) | B(=a"XZ'®(=Z'0)\,(Z'0))
0.0 = { E((1 = D)Z'\y(Z'0)[Y — X'3° — 2a°X(Z'0))] } B { E(=Z'a¢(Z'0)Ny(Z'9)) }

Finally, M = E[ZZ'(DN,(Z') — (1 — D)\,(2'0))] = —E [22%]
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Now we are ready to calculate G~1:

—1 —1 1
GIL 0 —GULGiM

1 -1 _ 1 -1
Gl = 0 GO,BO GOﬁOGo,eM
0 0 M1
11 12 11 12
-1 _ Fa 1rs, G-l == Fogo Lo where
15 r2 22 | Yos 2t 22
1,8 1,41 0,60 0,580
2 1

= BO@ 0N (Z20) B2 OX ) E@ZOXX ) 1EG(Z0)X)
P2l = -T2 E(¢(Z'0)X")[E(D(Z'6)XX")] 1, T2 = —[E(®(Z'0)X X")] " E(¢(2'0)X)I%

P = [B(R(Z'0)X XY H[E(@(Z'0) X X E((Z2'0)X)T%, E(6(Z2'0)X")[B(®(Z'9)X X')] !

22 _ 1
0,80 E(6(Z'0)Ao(Z0))—E(¢(2'0)X")[E(2(-2'0) X X')| 1 E(¢(2'0) X)

On the other hand, 2 := E[g(W)g(W)']. Since D(1 — D) =0, g1(W)go(W) = 0. Moreover,
E(g(W)|X, Z, D) = E(g0o(W)|X, Z, D) = 0 so that E(m(W)g1(W)) = E(m(W)ge(W) = 0.
Therefore,

Let U(W) := M~'m(W).

~

Asymp. V(B") = G L E(gr(W)gu (W) + 1o U (W)W (W) Gl )G %,

Asymp. V(EO) = G(;%OE(QO<W)QO(W)/ + Go U (W) (W) B,Q)G;gg
Asymp. V(0) = E(U(W)B(W))

Asymp. Cov(B, 3%) = G, G g E(U(W)T(W)) G, GV

1,31 0,30
Asymp. Cov(él, 0) = —G;EleE {\IJ(W)\I/(W)W
Asymp. Cov(éo, 0) = —GJ%OG()QE [\II(W)\IJ(W)'}



2 Asymptotic Distribution of A/T\E, ﬁ, LATE and MTE
given x and z:

Estimator for Average Treatment Effect conditional on X = x:
ATE(z) = o'(5' - B°)
By theorems 6.1.3 and 6.1.4 of Amemiya (1994):
VN (@(@ - ATE(x)) N0, 2" (Viy — 2Vhs + Vig)2)

Estimator for the Effect of Treatment on the Treated conditional on X = z,Z = 2z and
D(z)=1:

¢(2'0)

O (20)

A simple Taylor expansion and application of the same theorems yield:

TT(z,2,D(z) = 1) = 2'(3' — °) + (&' + &)

VN (ﬁ(x, 5 D(2) = 1) = TT(z, 2, D(z) = 1)) . N(0,5,VS!)

e B0) (1 0y & ()0~ (6('0))
" s@m Y s@e (@ +a) @) } i

Estimator for Local Average Treatment Effect conditional on z, D(z2) =0, D(Z2) =

where S| = [ x

LATE(z,D(z) = 0,D(3) = 1) = 2/(3* — %) + (&* + &°)

Following similar steps we get:

VN (@(x, D(2) = 0,D(3) = 1) — LATE(z, D(2) = 0, D(3) = 1)) s N(0, S,V 8L

3GE0)-0(0) L 3(F0)-d(0) B(70)—(2'0) @®(Z0)—(0))2
D

Finally, estimator for Marginal Treatment Effect conditional on X = z, UP = u”:

S, — [m, 6(2'0)~6(='0) G L) +a0)((z’w(z/e)fz'w(z'e)) (¢(2'9)f¢>(z/e>><z'¢<s’e>fz'<z><z'e>>)}

MTE(z,uP) = 2/(8"' - 3°) + (& + a%)uP
Its asymptotic distribution is given by:
VN <J\7T\E(:c, uP) — MTE(z, uD)) N, 2! (Vi — 2Vig + Vig)z + uP (Vas + 2V
+ Vigu® + 22" (Vig — Vip 4 Vig — Vag)u”)



3 Asymptotic Distribution of A/T\E, ﬁ, LATE and MTE:

Estimation and finding the asymptotic distribution of ATE , ﬁ, LATE and MTE require
a different moment condition in each case in addition to the three moment conditions above,
because we have one more parameter to estimate. We let g. denote that extra moment
condition and v denote the extra parameter in each case. Then under regularity conditions,

B e
at al
o 0
VN go — go — N(0,V,)
0 0
Ly 1 L7
where V, = G_ Q.G with Q. = E[¢¢(W)g*(W)'] and G, = E [%}, and
g*(W) = u(W) go(W) m(W) g.(W) ). Below, we will often have to calculate G;*.
For this purpose, let us express G_ ! as { g fl } where G is as before. Then
o1 G'+G'B(H-CG'B)"'\CcG™' —-G7'B(H-CG'B)™!
e —(H -G 'B)tcg! (H—-CG'B)™!

3.1 Asymptotic Distribution of ATE:
Let 4 = 1377 a/(3' — 3°). Let, g.(W) = v — X'(8" — 3°). In this case,

Elgi(W)g: (W] 0 0 0

0 = 0 Elgo(W)go(W)'] 0 0

¢ 0 0 E[m(W)m(W)] 0
0 0 0 Elge(W)?]

To get the last row and column, we recall that E[g,(W)|X, Z, D] = E[go(W)|X, Z, D] =

0
0 and that E[m(W)|Z] = 0. and G. = [ g fl} where G is as before, B = | 0 |,
0
C:[(_EX/O) (EX/O) O}andH:[l] Then, G- = G 0 and
7 . 5 e _CG_l 1

asymptotic variance of ATE equals
Blg.(W)?] + CGI0(G1YC" = BIX'(8' = 33! = 3°)'X] =7+ CVC
= Var(X'(3' = 8°) + E(X") (V11 — Viz — Va1 + Va3) E(X).



3.2 Asymptotic Distribution of 77

0 V)= D (7= X8 = )~ (a4 ) 50
BloWnVYX.Z.0] = B[ (7-X(0 = 5) - (@ + V0T u (Y|, 2.0] =0

because F [g;(W)'| X, Z, D] = 0. Then, E(g.(W)g1 (W ) ) = 0 by the Law of Iterated Expec-
tations. On the other hand, by the same arguments, F [go(W)'| X, Z, D] = 0 as well.
Blg.(W)m(W)] = E[D(y — X'(8' = 3°) — (a' +a®)\ (Z'0))m(W)']

= E[D(y—X'(8" = %) — (' + a®)A\(Z2'0)) Z'\1(Z2')] since D(1 — D) =0, and D* = D.
=Exz [(f)/ — X'(BY — B8%) — (at + a")A\(( ’9))Z'A1(Z’9)E(D]X, Z)}

=E[(y = X'(6" = 3% — (&' + ")\ (Z2'0)) Z'¢(Z'0)] since E[D|Z] = ®(Z'0). So,

E[gi(W)g1(W)'] 0 0 0
0 - 0 Elgo(W)go(W)'] 0 0
‘ 0 0 ElmW)mW)T Elm(W)g.(W)']
0 0 lgeW)m(W)]  Elge(W)?]
Again, we write G, = [ g f[ where G, and B are as before, but H = E[®(Z'0)], and

C=[(-EX®Z29) —El(Z )]) (E(X'2(2'0)) -E[¢(Z0)]) —7v]=[C1 G —7']
with 7 = E[Z(a! + a°) (¢/(Z2'0) — ¢(Z'0)\1(2'0))].

Elge(W)?] = E[D( X'(B' =) — (Oz +a%)\(2'0))"] = P(D = ) E[(y = X'(8" = 8°) —
(o' + a®)M\i(2'6))°|D = } E[® (7 — 29E[X'(5" = %) + (o) + ")\ (Z'9)|D =
1] + B[(X"(8" = ) + (! )MZ’ )'ID = 1)) = E[@(Z0)(E[(X'(5" = 8°) + (o +

<ﬂ&@%fw:u—¢>
The asymptotlc variance of TT is given by
2
CVC' = 2577 CC T + mm(za; <E[(X/(51 = 0% + (@' + ")\ (2'9))7|D = 1] - W2>

/

where T= (0 0 Elg.(W)m(W)] ).

cve E(X'®(Z'0))
2E(X'®(Z'0)
2EXCI>Z’

T'VisT

11— 2Vig + Va3) E(X®(Z'0))
(V12 + Vig — Vs — V34) (p(Z'9))
99 + 2V + V44)
(Vis = Vas) T+ 2B(6(29)) (Vas + Vas) 7

)V
)
)" (Va
0))

+ o+ + A+

CG_IT = (ClGl 61G19+C0G050G09+T)E(‘1/(W)96(W)/)
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3.3 Asymptotic Distribution of LATE:

R CL BT EL)
ge(W)_7 X(ﬂ 5) ( + ) (/) ( 9)
Let, h(Z'0,2'0) = q,( ,9) Then, 9 = (2'A(2'0) — Z M\ (2/0))h(2'6, 2'0), and

AL(0) — M (Z0)h(Z6, 2'0)

ge(W) =~ — X(ﬂl - BO> - (al + a0> 1— h(36, 2'0)

ElgoW)gs(W)|X,Z,D] = E[g.(W)g:(W)|X, Z, D] = 0 because E [g1(W)'|X,Z, D] = 0.
Then, E(g(W)gi(W)) = Ex.zp [E<ge(W) (WYX, Z, D)} — 0 by the Law of Iterated
Expectations. Similar arguments yield, E[g.(W)go(W)'] = 0. Moreover, for this case,
ElgoW)m(W)] = Exz[ge(W)Em(W)|X,Z)] = 0 since now E[m(W)|X,Z] = 0. So
Q. is again a block diagonal matrix.

On the other hand, G, has the same form as before with H =[1J and C = [ C; Cy —7' |
where

C, = [ —EX' —T(gle, 2/9) ] Co= [ EX' ( 0, 29) ] ( 50 29) @Ez/gg ¢>((z’/6;) and

z¢/ (2'0)—2¢' (2’0 d(2'0)—z¢(2'0
7= (ot o) (SREEETY - (20,0 )
Asymptotic variance of LATE equals E[g.(W)?] + CG'Q(G1)'C" = Var(X'(8' — %)) +

cve'.

\_/\/

CVC' = E(X')(Vi1 —2Vis + Va3) B(X)

2E(X")(Via + Via — Vi — Vag)1(2'6, 2'6)

(r(2'0, 2'0))* (Vag + 2Vas + Vas)

2B(X")(Vis — Vi5) 7' + 2r(2'0, 2'0) (Vas + Vis) 7'

TVisT'

+ + +

3.4 Asymptotic Distribution of MTE:
For MTE when UP =, 4 := 15" 2/(G" — 3%) + (41 + ap)t

ge(W) == X'(8" = 8°) = (o' + ")t

E[g(W)g (W)X, Z,D] = (v — X'(8' — 8°) — t) E[g:(W)'| X, Z, D] = 0. Then, by the law
of Iterated Expectations, E[g.(W)g1(W)'] = 0. And symmetric arguments give us that
Elge(W)go(W)'] = 0. At the same time, we have

ElgeW)m(W)] = Exz[(v = X (8" = 8°) — (¢! + a°)t) E(m(W)'|X, Z)] = 0

Again €, is a block diagonal matrix, and G. has the same form as before with C =

7



[ -EX'" —t EX' —t 0], H={[1] and B as before.
Asymptotic variance of MTE equals E[g.(W)?] + CG1Q(G 1) C" = Var(X'(8! — 5°) +
cve'.

cve

E(X") (Vi1 — 2Vi3 + Va3) E(X)
2B(X")(Via + Vig — Va2 — Vi)t
t* (Voo + 2Vas + Vi)

+ o+



